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Double Pendulum

A double pendulum is undoubtedly an actual miracle of nature. The jump in complexity, which is 
observed at the transition from a simple pendulum to a double pendulum is amazing. The 
oscillations of a simple pendulum are regular. For small deviations from equilibrium, these 
oscillations are harmonic and can be described by sine or cosine function. In the case of nonlinear 
oscillations, the period depends on the amplitude, but the regularity of the motion holds. In other 
words, in the case of a simple pendulum, the approximation of small oscillations fully reflects the 
essential properties of the system.

Double pendulum “behaves” quite differently. In the regime of small oscillations, the double 
pendulum demonstrates the phenomenon of beats. The character of oscillations of the pendulums 
changes radically with increasing energy − the oscillations become chaotic. Despite the fact that the 
double pendulum can be described by a system of several ordinary differential equations, that is by 
a completely deterministic model, the appearance of chaos looks very unusual. This situation is 
reminiscent of the Lorenz system where a deterministic model of three equations also shows 
chaotic behavior. 



We will build a mathematical model of the double pendulum in the 
form of a system of nonlinear differential equations. 

In Lagrangian mechanics, evolution of a system is described in terms 
of the generalized coordinates and generalized velocities. 

In our case, the deflection angles of the pendulums  α1 , α2
and the angular velocities   ˙α1  ,  ˙α2 can be taken as the 
generalized variables. 

Using these variables, we construct the Lagrangian for the double 
pendulum and write the Lagrange differential equations.

A simplified model of the double pendulum is shown in Figure 1.
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